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Abstract—New multimode equivalent circuit models for single
and cascaded E-plane and H-plane step dkcontinuities in rect-
angular waveguides are presented. The computer-aided design
(CAD)-oriented equivalent circuit models enable rigorous and
efficient fullwave analysis of waveguide components and circuits
entirely by circuit simulation. The method has been implemented
on the microwave circuit simulator Libra and applied to wave-
guide structures containing single and cascaded irises and stub
discontinuities. Comparisons of circuit simulation results for
single and cascaded inductive irises as well as a single and
three E-plane stubs with the standard mode-matching method
show perfect agreement. Results of a Ka-band bandpass filter
analysis are in good agreement with a mode-matchhg solution
that includes the correct edge condition.

I. INTRODUCTION

cOMPUTER-AIDED design (CAD) of waveguide filters
and components generally requires use of a rigorous

fullwave analysis technique such as the finite-element or
finite-difference method, or the mode-matching method. Al-
though general purpose tools like, for example, fullwave
finite-element solvers [1] are commercially available, modal

analysis methods are often preferred since they are computa-

tionally more efficient [2]–[4] and provide physical insight [5].
However, available modal analysis tools are typically stand-
alone programs which are often developed for a particular
type of problem.

In this paper, rigorous CAD-oriented fullwave equivalent
circuit models for single and cascaded E-plane and H-plane
step discontinuities in rectangular waveguides are proposed.
With these novel multimode equivalent circuit representations,
a large class of waveguide components and circuits, including
filters and phase shifters, can be analyzed and designed en-

tirely with commercial circuit simulators. Since the equivalent
circuit models are derived from a modal analysis, a fullwave
analysis can be performed directly by circuit simulation thus
eliminating the need for additional matrix inversion.

In the following sections, equivalent circuit models of
single and cascaded E-plane and H-plane step discontinuities,
which form the basic building blocks of many waveguide
components, are presented. In particular, the accuracy of the
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F~g. 1. Geometry of (a) an E-plane step and (b) an H-plane step disconti-
nuity in a rectangular waveguide.

circuit simulation is demonstrated for both interacting and non-
interacting steps. As an example of a practical application of
the new circuit model approach, a comparison of a waveguide

filter analysis by circuit simulation on Libra [6] and standard
mode-matching simulation [3], [7], including the correct edge

behavior [8] is shown.

II. MULTIMODE EQUIVALENT CIRCUIT N40DELS

The E-plane and H-plane step discontinuities in a rect-
angular waveguide are illustrated in Fig. 1. The multimode
equivalent circuit representations of the fttllwave step discon-
tinuity problem can be derived directly from a modal analysis,
as shown below.

A. Modal Analysis

Assuming TEIO mode incidence on the discontinuity, the
reflected and transmitted waves are described in terms of TEmo
modes (m = 1, 2, 3, . . . ) for H-plane steps and LSE1n modes
(n ~ O, 1, 2, . ..) for Ii-plane steps, respectively [9], [10].
The transverse electric field, Ev, and transverse magnetic field
component, Hz, in each waveguide can be expressed in terms
of expansions in the normalized transverse modal fields [5].
They are given in waveguide I by

M

m,=l

m=l
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and in waveguide II by

n=]

v~’ ~~(z) and 1~’ ~~(.z) are the total voltage and current

amplitudes of mode k in waveguide I and II, respectively,
and, in general, comprise both the incident and reflected waves.
The orthonormal sets of transverse field solutions q5~II (z, y)
for TEmO modes [13] and ~~ ~~(z, g) for LSEI, ._l modes
(n = 1, 2, 3, . . . ) are given in the Appendix.1 The expansions
in (1) and (2) have been truncated to ill modes in waveguide
I and N modes in waveguide II. In order to avoid relative

convergence problems [3], [11], the number of expansion

terms, Al and N, is typically chosen such that Lf/N is as

close as possible to the corresponding ratio in waveguide
height bl/b2 for E-plane steps or waveguide width, al /az,

for H-plane steps, respectively.
The continuity of the transverse fields at the discontinuity

at z = O yields for the electric field

E;($, y, o) =

{

o, on conducting boundary
E:(z, y, O), on aperture A

(3)

and for the magnetic field

H;(x, Y, O) = H:l(x, y, O) on aperture A. (4)

Following the mode-matching procedure as described in [3]
and [7], two systems of linear equations relating the voltage
and current amplitude coefficients in each waveguide are found
as

v: .
5 Cmn V;I, (Tr L=l,...,iw) (5)
7L=1

and
M

III =
n E Gw&, (n=l, ., N). (6)

nl,=l

Equations (5) and (6) may be expressed compactly in matrix
form as

VI = CVTI

III = @’11 (7)

with the superscript T denoting transposition [3] and [7]. The
coefficients Cmm are the mode-coupling (overlap) integrals
given by

c~n =
/

(b; (x, y)&y(x, y) dxdy. (8)
A

Note that the coupling coefficients are different for H-plane
and E-plane steps (see the Appendix).

It is noted that the conventional modal description of step
discontinuities in terms of incident and reflected waves does
not directly render CAD-oriented equivalent circuit represen-

1In order to simplify the general notation for the equivalent multimode
circuit models for E-plane and H-plane step discontinuities, the notation
LSE1, ~ _ 1 (n = 1, 2, 3, ..) instead of the more common notation LSEI~
(n = O, 1, 2, .) is used here.
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Fig. 2. Fullwave equivalent circuit of an E-plane and EI-plane:t; discon-

?tinuity (waveguide 1 has the larger aperture). The quantities Zk’ are tfre
modal impedances of mode k in waveguides 1, II given by (9) for H-plane
steps and by (10) for E-plane steps, respectively. The gain coefficients Cm~
of the ideal dependent sources are given by the overlap integrals in (8). M
and N modes are retained in waveguide I and II, respectively.
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Fig. 3. Geometry of (a) a thick iris and (b) a stub discontinuity.

tations. In contrast, (5) and (6) for total voltage and current
amplitudes lead to a simple network description of the step dis-
continuity: voltages in waveguide 1 are controlled by voltages
in waveguide II, and currents in waveguide II are controlled
by currents in waveguide I. The corresponding equivalent
circuit representation of the step discontinuity is shown in
Fig. 2. It consists of linear voltage-controlled voltage sources

and current-controlled current sources, which is similar to the
network description of coupled transmission lines [12]. Higher
order modes are represented by their modal impedances, i.e.,

W.{* (9,

for TEmo modes [13], and

W2W
T2

()
(lo)

~2pE — —
a

for LSEI, ~_I modes [10].
It is evident from these equivalent circuit representations

that the step discontinuity only couples energy between the
waveguide modes but does not store energy. Energy storage
is accomplished in the evanescent (reactive) fields excited
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Fig.4. Multimode equivalent circuit representation ofatMck E-plmemd H-plane iris. Thedependent voltage andcument sources aredefined in(ll)-(l4).
Theimpedance.j andpropagation constant~~ comespond tomodep inregion q,respectively, andmedefined inthetext for both ~-plane and~-plane irises.

at the discontinuity which are represented in the equivalent
circuit model in Fig. 2 by reactive modal impedances as
terminations, i.e., by capacitive modal impedances for E-
plane steps and inductive modal impedances for H-plane steps.

Hence, the equivalent circuit model shown in Fig. 2 provides

a fullwave description of both the E-plane and H-plane step
discontinuity.

B. Cascaded Steps

Many waveguide components including filters and phase
shifters consist of cascaded step discontinuities. If the steps
are sufficiently far apart, higher order modes excited at the
two cascaded discontinuities do not couple and, hence, the
“noninteracting” steps me connected only via one transmission
line representing the dominant mode TEIO mode. If the steps

are “interacting,” i.e., some of the higher order modes couple,
the steps are connected via more than one transmission line.

Two examples of interacting steps which occur in many
practical waveguide components are the thick iris and the stub
discontinuity shown in Fig. 3. Both structures consist of two
step discontinuities which are coupled through the dominant
mode and one or more higher order modes. With reference
to the thick iris in Fig. 3(a), the modal voltage and current

amplitude coefficients representing the transverse electric and
magnetic fields in region A at interface S1 are VA and I:

(m= l,..., JM), respectively. Similarly, the voltage and
current coefficients representing the transverse field amplitudes
in region B at interface S1 are given by V~B and I~B
(n = 1, . ~~, IV), respectively. The relationship between the
amplitude coefficients at the step between waveguides A and
B at interface S’l is given by

v: . 5 C;nvy (rn=l, ....mf) (11)
n=l

M
I:B = x C~.1:, (n=l, ....Aq (12)

m=l

where C~n represents the mode-coupling at the S1 interface.
Similarly, the voltage and current coefficients at the step

discontinuity at interface Sz are related by

Vg z 5@lIIIv:B , (rn=l, ....iw) (13)

~:B =
x

C;;I: , (n=l, . . .. Iv) (14)
m=]

where C#n represents the mode-coupling at the S2 interface.
For a symmetric iris or stub discontinuity, C& = C~~.

The voltage and current coefficients at the two interfaces
S1 and S2 for each waveguide mode in region B are related
through standard transmission line equations with characteris-

tic impedances corresponding to the modal wave impedances
given by (9) for TEmo modes (H-plane steps) and by (10) for

LSEI, ~-1 modes (E-plane steps), respectively. The propaga-
tion constants are given by

for TEmo modes, and

(15)

for LSEI, ~_l modes. Similar equations are obtained for the
stub discontinuity shown in Fig. 3(b).

As shown above, (11) and (12) lead to a simple mul-
timode equivalent circuit description for the mode-coupling
at the single step discontinuity at interface S1 in terms of
voltage-controlled voltage sources and current-controlled cur-
rent sources. In the case of cascaded steps, the dependent
sources in region B are connected by “modal” transmission
lines. The complete equivalent circuit representation of a thick

(symmetric) iris is shown in Fig. 4 where the voltages and
currents at interfaces S1 and S2 are given by (1 1)–(14).

The corresponding multimode equivalent circuit represen-
tation of the itub discontinuity is obtained by interchanging
voltage and current sources at each interface.
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Flg. 5. Geometry of an inductive iris of variable thickness d in a WR90
waveguide. Dimensions are given in mm.
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Fig. 6. Transmission coefficient of an inductive iris for different thicknesses
d as defined in Fig. 5.
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Fig. 7. Geometry of two cascaded inductive irises, separated by distance d.
Dimensions are given in mm.

III. RESULTS

The new equivalent circuit approach has been implemented
in the commercial microwave simulator Libra [6]. The ac-
curacy of the multimode equivalent circuit model for both
E-plane and H-plane steps [13] has been verified by com-
parison with other mode-matching solutions. In order to test
the accuracy of the multimode equivalent circuit model for
interacting steps, both single and cascaded irises and stub
discontinuities are considered.

A. Single and Cascaded Irises

The first case considers inductive irises of various thick-
nesses (Fig. 5), i.e., for various degrees of interaction between
the steps via the higher order modes. Fig. 6 shows the trans-
mission coefficient obtained by circuit simulation for different
thicknesses d of the iris. Also included in the figure are
the results obtained from a mode-matching analysis which

considers the correct edge behavior [8]. Perfect agreement
between the two methods is obtained.

Fig. 7 shows the geometry of two cascaded inductive irises,
separated by distance d. The transmission coefficient computed
by circuit simulation is compared with results obtained with
a mode-matching method [8], as shown in Fig. 8. Again,
virtually perfect agreement between the two methods can be
seen. Also included in the figure are the results for the case
when the irises are defined as two-port circuit elements by
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Fig. 8. Transmission coefficient for two cascaded inductive irises with
dimensions as shown in Fig. 7.
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Fig. 9. Geometry of a single E-plane stub in a WR75 waveguide [8].

terminating all higher order modes in the wider regions in
their modal impedances. In this case, the cascaded irises can
interact only via the fundamental (propagating) TEIO mode.
As expected, interacting higher order modes can be neglected
even for moderately separated irises (d = 10 mm) but must be
included for correct analysis of closely spaced irises (d = 5
mm). The results shown in Fig. 8 also demonstrate the stability
of the circuit simulation which dynamically decouples the
higher order modes with increasing separation d between the
irises. This dynamic decoupling of higher order evanescent
modes between interacting step discontinuities is a particularly
attractive feature of the multimode equivalent circuit model
approach as it produces an intrinsically stable analysis and

design tool for waveguide components.

B. Single and Cascaded Stub Discontinuities

Next, a single E-plane stub discontinuity in a rectangular
waveguide and a structure containing three E-plane stubs are
simulated and compared with the results obtained with the
mode-matching technique in [8] which considers the correct
edge behavior of the fields. The geometry of the single E-
plane stub in a WR75 waveguide is illustrated in Fig. 9. The
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Fig. 10. (a) Magnitude and (b) phase of the reflection coefficient
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of the -?!?-plane stub discontinuity shown in Fig. 9.
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Fig. 11. Geometry ofthree cascaded E-plane stubs ina WR75 rectangular
waveguide [8]. Dimensions are given in mm.
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Fig. 12. Reflection coefficient of the E-plane stub discontinuity shown in
Fig. 11.

magnitude and phase response of the reflection coefficient of
the single E-plane stub obtained by circuit simulation is in
excellent agreement with the results given in [8], as shown
in Fig. 10.

The test waveguide structure containing three E-plane stubs
is shown in Fig. 11. The simulated results of the reflection
coefficient are plotted in Fig. 12. Again, the excellent agree-
ment between the results obtained by circuit simulation and the

4.15 4.7 4.15
HHHI

7.10 3.6 2.4 2.4 3.6

Jn.wJfd
+1 l+-+ l+ -+ j+.+ /+

1.45 1.1 1.1 1.45

Fig. 13. Geomet~ of a bandpass filter for the Ka-band [14]. Dimensions
are given in mm.
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Fig. 14. Scattering parameters of a bandpass filter with dimensions given
in Fig. 13.

mode-matching solution in [8] including the correct resolution
of the main resonance at about 11 GHz is evident. It should
be noted, however, that the second resonance close to 15 GHz
predicted in the circuit simulation is not resolved by the mode-
matching method in [8] but is present in the experimental data
given in [8].

C. Bandpass Filter

In the last application, the equivalent circuit approach has
been implemented in Libra to analyze the bandpass filter
designed in [14] for the Ka-band at 35 GHz and a bandwidth
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of 1 GHz. The filter dimensions are given in Fig. 13. The

results obtained by circuit simulation are shown in Fig. 14 and
compared with the mode-matching method which includes the

correct edge condition. The circuit simulation is performed
by retaining ten modes in the wide regions, five modes in
the irises of width 3.6 mm, and three modes in the irises of
width 2.4 mm in order to avoid relative convergence problems
[11]. The results obtained with the two different methods show

very good agreement, thus validating the equivalent circuit

approach for waveguide filter analysis and design.

IV. CONCLUSION

New equivalent circuit models of single and cascaded
E-plane and If-plane step discontinuities in a rectangular
waveguide have been presented. The CAD-oriented equivalent
circuit models enable fullwave analysis of a large class of
waveguide components and circuits, including irises, stubs,
filters, and phase shifters, on commercial microwave circuit
simulators. The equivalent circuit models have been imple-
mented on Libra to demonstrate their accuracy. Results of

the circuit analysis were found to be virtually in perfect
agreement with solutions obtained with the standard mode-
matching technique based on incident and reflected wave
amplitudes and a mode-matching technique which includes
the correct edge behavior of the fields.

The potential benefits of implementing the proposed equiv-
alent circuit model in commercial circuit simulators include
the direct and full use of available design, optimization,

and graphical user interface capabilities of the CAD tool. In
addition, implementation of the fullwave analysis and design

tool entirely inside a circuit simulator should offer other
performance advantages over existing waveguide CAD tools.

APPENDIX

The normalized transverse field solutions for TEno modes
in a rectangular waveguide of width a and height b are given
by [10]

The coupling coefficient Cm. between mode m in waveguide

I of width al and mode n in waveguide II of width az
(al > az) is

The normalized transverse field solutions for LSE1, ~_l modes
(TEZ modes) (n = 1, 2, 3, . ..) in a rectangular waveguide of
width a and height b are [10]

where

& =
{

1, n=l
2, ‘n>l.

(20)

The corresponding coupling coefficient Cm. between mode m
in waveguide I of height bl and mode n in waveguide 11 of
height b2 (bl > b2) is

G.=J-J’2COS [(y-y,]

‘Cos[(niwdy (21)
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